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' A brane- world universe consists of a 4-dimensional brane embedded into a 5-dimensional 

space-time (bulk). We apply the Arnowitt-Deser-Misner decomposition to the brane- 
O i world, which results in a 3+1+1 break-up of the bulk. Wc present the canonical theory 

of brane cosmology based on this decomposition. The Hamiltonian equations allow for 
' the study of any physical phenomena in brane gravity. This method gives new prospects 

for studying the initial value problem, stability analysis, brane black holes, cosmological 
perturbation theory and canonical quantization in brane- worlds. 
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£Nj ■ The Hamiltonian theory of the brane-world scenario is based on the foliation of 

the 4-dimensional (4d) world-sheet (the brane) which is embedded into the 5- 
dimcnsional (5d) space-time manifold (the bulk B). Since the 3-dimensional (3d) 
space-like slices of the foliation admit tangent bundles of co-dimension 2 with re- 
qh spect to B, the slices form a two-parameter family of 3-spaces S tx with (j£ fi 

embedded in B. While the parameter t represents the many-fingered time in the 
bj). canonical formalism, a new parameter \ defines the position of the brane in the 

bulk. A common choice is at \ = 0. 

The 3+1+1 decomposition of the 5d brane-world geometry allows one to express 
the 5d field equations in terms of 3d quantities. These gravitational variables in 
these picture are the three metric g a b describing the intrinsic geometry of the slices 
S t x=0 = Ej, a vector field M a and a scalar field M. The vector and scalar quantities 
describe the contribution of the bulk-gravity. The extrinsic curvature of the leaves 
embedded in B is given by the second fundamental forms K a b and L a b , the normal 
fundamental forms IC a = C a , and scalars /C and C associated with the two time-like 
and space-like normal vector fields n a and l a of Ej. The quantities K a b, K a and K. 
are equivalent with the time-derivatives of g a b, M" and M, respectively, whereas 
L a b and C contain only pure spatial derivatives of them. 1 

As a result of the decomposition, the 5d Einstein-Hilbert action 

S G [^g ab ]= J ' d 5 xL G = J ' d b x^f^)~g^R (1) 
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2 Kovdcs, Gergely 

gab is the bulk metric and its scalar curvature) can be expressed in terms 
of the set (g a b, M°, M; K a b, IC a , K,, L a &, £), the lapse function N and the non- 
vanishing components of the shift vector N a . The component of the shift vector 
associated with the extra dimension is set to zero by the condition of the confinement 
of the matter fields on the brane. With the set (g a b,M a ,M) chosen as canonical 
coordinates of the vacuum bulk gravity, we can express the Lagrangian in the action 
(fT|) solely in the terms of canonical coordinates and their time derivatives. Then we 
introduce the momenta (ir ab ,p a ,p) conjugated to the canonical coordinates, such 
that the phase space of the 5d vacuum gravity is the set 

(g A ;ir A \ A = 1, 2, 3) := (g ab , M\ M; n a \ p a , p) (2) 

with the abstract index A defined as g\ = g ao , <?2 = M a , etc. In order to spec- 
ify the possible states in the phase space, we first need the evolution equations, 
then the vacuum constraint equations which restrict these solutions. (In fact they 
restrict only the initial data. Once they are imposed, the dynamics preserves the 
constraints.) 

The Legendre transformation of the decomposed vacuum Lagrangian yields to 
the Hamiltonian H G of the bulk gravity. This is a linear combination of the super- 
Hamiltonian constraint H G and supermonentum constraint H G : 

H G [g A ,n A ;N,N a ] = NH G [g A ,n A ] - N a H G [g A ,n A } . (3) 

When inserting the Lagrangian 

L G [g A , n A - 1 N, N a ] = ir A g A - H G [g A ,n A - 1 N, N a ] , 

into the action ([1]) and extremizing it with respect to the canonical variables ([2|), 
the lapse function and the shift vector, we obtain the equations of motion and the 
constraints of the 5d vacuum gravity. 

The Poisson brackets of any pair of functions on the phase space, as in the field 
theories, can be defined with the help of the functional derivatives of the functions 
with respect to the canonical variables or merely via the canonical commutation 
relations. Then the dynamical equations of the bulk gravity lead to the forms 

9a(x, x) = {9a{x, x),H g [N}} , 
Tr A (x, X ) = {TT A (x,x),H G m 

for any x £ S tx and ^ € where the notation i/ G [N] includes the smearing of 
the Hamiltonian density Q with N and N a . 

When matter fields couple to gravity on the brane, we enlarge the phase space 
of the 5d geometry with the canonical variables of the matter source. After decom- 
posing the stress-energy tensor in the matter action, the Hamiltonian of the matter 
fields can be derived as well. Then the dynamical and the constraint equations of 
gravity must be supplemented with the contributions from matter, a procedure re- 
sulting in the time-evolution equations and the constraints of the total system of 
gravity and matter. 



February 7, 2008 4:17 



WSPC - Proceedings Trim Size: 9.75in x 6.5in main 



Hamiltonian theory of brane-world gravity 3 

The Hamiltonian formalism for brane-world scenarios gives a suitable starting 
point for canonical quantization. In this approach the quantum state of gravity 
should be described by a state functional x, x; gA] over the configuration space 
(<7a)- This functional incorporates not only the intrinsic 3-geometries of the leaves 
£t x , but also the brane-off contributions of the bulk gravity. Dirac constraint quanti- 
zation imposes either the vacuum constraints ffj and , or the constraints of the 
gravity coupled to matter on the state functional as operator equations, restricting 
the possible states of the system: 

Hf(t,x,x;gA,TT A ]^{t,x,x;gA] = , 
H®(t,x,x;gA,TT A ]y{t,x,x;gA} = o. (4) 

By inserting the explicit form of the super-Hamiltonian constraint into the first 
equation, where the canonical momenta ir A are represented by the operators n A — 
—i5/SgA, we obtain a second order functional differential equation of the state 
functional with respect to the canonical coordinates. The latter is the Wheeler- 
deWitt equation of the brane-world gravity, which may be simplified by applying 
the operator restriction of the super- momentum constraint from Eqs. ([4]). 

We expect that the quantization of simple models already done in the con- 
text of general relativity, such as the mixmaster universe 2 or the Einstein-Rosen 
waves, 3 is possible in the brane-world scenario either. The latter general relativis- 
tic model illustrates, together with other examples, 4 ' 5 that various procedures can 
be found which transform the constraint equations into new constraints, such that 
the momentum canonically conjugated to the time variable enters the new super- 
Hamiltonian only linearly. Hence the quantization of these systems leads to a func- 
tional Schrodinger equation instead of the second order functional differential equa- 
tion. There is hope that similar procedures based on the Hamiltonian formulation 
of brane-world gravity 1 will be successful for various simple brane-world models as 
well. 
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